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medi iately | 1 its pubti tication, I found that ſone additions and alte 
rations were neceſſary to render it complete. Alſo, that in che Appendix, 
1 had omitted feveral curious and uſeful formuliz, ſome of Mhleh w Hh ere Bri. 
8 intended to have been inſerted therein, and others that have _ 
been inveſtigated, Not that any other principles "have been artebvete 0 

Beſides thoſe pointed out in the Appendix, whereby this Branch of he 
Mathematics tns de Farther extended ; but only the application of certa 

and peculiar proceſſes therein.” Indeed i no new principles feem to be want- 
ing (foppofing f any could be found) for, not to mention the well. Known 
methods peculiarly adapted to this purpoſe,” every ene knows that 4 num. 
berleſs v variety of ſeties with their ſummations will be obteied by barely 


expanding fracti onal or radical, binomial, trinomial, &c. expre n, Which 
being again differently combined, produce a variety of . feries. It is 
alſo as well known that b the application of the fluxionary caleulus to this 
ſubject e may produce an infinite variety of feries that are ſummible; the 


only addreſs or artifice requifite herein, being to aſſume ſuch expreſſions 
that when they have undergone the various operations of multiplying, &c. 


by the fluxion, or other functions, of the indefinite quantity, neceſſary to . 


reduce their expanded values to the form of the ſeries propoſed, the fluents 
of the reſulting expreſſions may be attainable without infinite ſeries; that 
is, either algebraically, or by means of the conic ſections. 


I had intended, in this Supplement, to have given the inveſtigations or 


demonſtrations of the formulæ for ſummation in the different orders of 


ſeries in the Appendix, under the names of their reſpective authors; but 


finding it would far exceed the limits I had propoſed, and the utility thereof 
not appearing very great, as the names of thoſe authors were before ſpeci-- 


fied, I have, at preſent, relinquiſhed the defign. 
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oon 1 of, the trugh of what 1. 


1 ADVERTISEMENT. 


To offer any apology for the typographical errors which have eſcaped in 
this Treatiſe, would, I apprehend, be needleſs; as every reader muſt be 


acquainted. with hope wa c/o: attending, the corrections of. the ſheets in a 


ſubject ſo intricate t6 a compoſitor, when the author's fituation « or. diſtance 
from the preſs renders it impracticable for him to inſpect the reviſes. Some 


158 at may, perhaps, be thought neceſſary for the freedom * W 


haye uſed in this Supplement reſpeQing Mr, Landen's "Obſervations, dee. Io 


* 3 


4&4 * 


defence, of of which 1. gan only lay, that i it did not ariſe from any private 


pique or perſonal reſentment towards that Gentleman, „ for the treatment he 
haz thought p proper to ew. me on this occafion ; but from a full and clear 

convIcl ave endeavoured t to vindicate. _ And as 
Ls has been my object in this endeayour, I would with, every. reader who 
ot an comprehend, the ſubj ect, not to be implicitly 104 5 on the one 


band by y my. bare are affertions,. nor on the other by the ſuggeſtions of thoſe 
whom envy or prejudice may. have prepoſſeſſed; | but to ſuſpend his judge- 


Mf + till he is t horoyghly, acquainted with the principles, and can deter- ; 

for h imſelf... For, as, all men are ; able tc error, 1 would not, by a 
100 preſumpruous, confid ence aſſert, that all Ih ave adyanced on this ſub⸗ 
Jed 1 is indiſputable; 1 Mall therefore be always ready, on conviction, to 
acknowledge my wiſtakes, „ and ſhall. welcome truth . whatever quarter it 
may come WANG After all, let not the words of Horace be forgot, 
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the upper. or under Ii; ign obtaining Seokich as 2; is even or odd. 
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3. When xis = r, the ſum in the former caſe will be infinite; but! in the latter 


19% 


it will be x 1 6931472 EL * 1 * &c. =. 5 

4. And here we may obſerve, that the formulæ to.N? 291. incluſive, are each ſup- 
= to be. generated while x from 0 attains the value denoted by X; from whence 
the corrections that may be neceſſary in the formulæ (=), when they are not purely 


algebraical, will be obvious. 5 2 
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x ſuch that X* = 1, the expreſſion. is reducible to- algebraie_ quantities, the ſigns of 
the ſeries being +. If. the ſigns of the ſeries be alternately + and —, * muſt be an 
even. politive number, See theorem p. 18, when x is =: 1. 2 
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2. If = be a poſitive whole number, a = , and - 08.2: e negative, though 
à and (conſequently )*?—=be fractions, the ſum will be had algebraically when x is-. 


any-value:in the ſame equation, that-is in X” = 1, the-ſigns of the ſeries being affir-. 

mative. Alſo; if = be an even number, the 5 will be bad in algebraic terms when 

the ſigns are + and „ though Sand (conſequently) I—s be odd numbers, the reſts 

being as before. But it may be obſerved; that the ſeries d if ſuch caſe becomereſſen, 

tially of the. form in Ne 263. the terms being wuniplied by the conſtant quantity. 
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& Thigexpreſſion becomes al gebraical when 9 and r are poſitive whole num- 
bers, the ſigns of the ſeries being affirmative ; or even numbers, the ſigns being + 
and — 3 and the ultimate value of x ſuch As ariſes Jew: the equation 
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are + and —. In all theſe caſes, .X muſt evidently be leſs than 1. 


3. But when the ſigns of the ſeries are alternately + and — ; and , Or A 


negative, as alſo - or A2; then muſt 2. and 9— de odd raſitive numbers, and æ 
a value 1 in the above equation. 

4. Hence, in the firſt particulir caſe ab, if we take = = 3 the expreſſion 
will be algebraical, whenever T is any odd poſitive number, and x a value in the 


equation X '= 1 (See. theorem p. 9). when * is S 1. ). The fame. holds good if 
we take = , and s g 2A. In the ſecond caſe, if we make aA, the expreſſion 
is redueible into finite terms, whenever 9 is anyods poſitive number, and x a value in 


the equation X' = 1 (see theorem p. 97. when x is = 1.) . Alſo if r = A, and: 
g= 2x; the ſum will be expreſſed in finite terms under the ſame reſtrictions. In 
theſe caſes one value of X will evidently be always = 1. It is alſo obſervable here, 
0 | that 
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4. The comparing or. a 2 5 requires * 1 5 to be a whole number, 
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7 * * * 1 + 


_ c+e {bod . eee. & K 


2 
' , 1 5 
; : Ws N 2 . 1 N 1 4 4 A * 7 
7 1 


* 1 


m 5 N "= by 
— — : —— B 
4 


—7 EY 2202 3 
XR * . Gh 
ans ef Ff 17 777 277 750 00 70 + ) 


=, 1 —— 


IRE Z L 2 et 2b 21 1 X( 
rt ee 755 Ag. of P Þ+24 » 7737 1 


2115129675137 (e) N 7 ; tg P? 80 ah 


1 | be. to / terms. 8 — | 


IST > * . 


A, B, C, GC. x, * e, Kc. as in in the n Pe” bY 
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1. When 


A SUPPLEMENT, &c. „ 
2. When the ſigns are afficmative, and g is any odd number (e being any whole 


number whatever), . (= ind 3 2 J will be fradlions. 


2. When the ſigns are LEND g any number in the progreſſion 2, 6, 10, 1," 
18, &c. and e any number in the progreſſion 2, 4, 6, 8, 40, &c. 7, and will be 


odd numbers, In the former caſe, « (g+e) will evidently be PO a whole num- 
ber; ; and 1n the latter, always an even number, 


. 73 (F) Terz. eee 


. De ee 6. erz . | 7. Art- * 
1 8 — 1 & 
® TF, e e, ee = G40 
3 4 1 2 I 


2 e ge *: TEE = * =2e+6 + ( . 
1. What is obſerved i in the laſt cheorem 1s applicable i in this; writing « for v, and 


2. If, in the 8 Rakes (N= 265, 269, 272, 273) the quantities 2 —3, 
9, or « —*, &e. ſhould come out negative, write one value for cke other in the 
theorem, that is for w write the value of 2, and for 2 write the value of =, &c, and 
the algebraic ſum will then'b be wuly exhibited in in thoſe caſes. 


> +... YEE 


| 1 | | MG 
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(2) A, 5. 4, radius r. 


a being any number not greater than 7; and b, c, a, &c. any numbers decreaſing 
from a to O. | 


2 * 2 * 2 — a My 262.7 — 45 
275. 60a = — OPT; — — = + A. = — © + &c, 
(2) A, To a, rad. I, 


a, b, c, &c. increaſing from any value to 7. 
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a, b, c, &c. decreafing from any value to 0, 
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0 ol 


— — er 
__— 
l 2 1 


->ts — — 


— —— I > 
- = — —— — —— — 
. — = 


25 
2 R — 


„ A SUPPLEMENT, ee. 


wo * ro % % vos 3x bee. otitis we 
A.) b, e, " ering! from any 1 weg to infinity... 


a b 5 ed 
YH. Mg VET. Þ=r+1 7 * e * 
(8) e „ . 4, rad. T. 
„ WE e 10 b, c, &c. being decreaſing quantities: ü any value to 2. 
de e A 7 % 
279: (F) *. — Tt "a 7 Va * ke. - 
CCC ; „ 
e &c. inercaſing from en any value not-leſs than-1 to infinity. 
HE: Tara e Trg. — FF Gr V vr = cr. br 
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© A, * 4, rad. 7. 


. Var — 4a — r. ar bf: 
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a, b, c, &e. inereaſing from r to ar 


783 LV .I. LIF. ar 

a1) Ke Sar AE # _ = 
hk 8.7 27a "+150. arb-b ee. - =. V arc 
1 imma WE pe my ge . 3 

. mw ried Varc-d 2rd .d l 


r- Ad. Vare— * — 4 
0: A5 © , rüd. 17 
| —— a, b, c, xc. Jecreafl ing from r to Os 
In the laſt n A Aer circular arc; g e, t, 7, % 5, v, ?, the ſine, 
co- ſine, tangent, co- tangent, ſecant, co- ſecant, verſed ſine, ine ſine ſupple - 
ment, reſpectively. By | 
| * | x : 2. x" | AE f 
2 F) 5 s + —p * "ts 5 57 x — 77 * &. 
(2) Circ. arc, rad. 7, fin. x. ; Ns 


"i 83 preps — 44 T7. * 1 


283. (F)) * + 


2. % 4 $0 2 % 
(2) Elliptical arc, a the ſemitranſv, c the ſemiconj. x the diſtance of an 
| ordinate (parallel to the conjugate) from the center. 
1 2 t 
, E 2 ya 7 & . 
284. (E) x X * 1 BT ET 7.4.7. 7 T.. 9 * c 
(2) Parabolic. arc; * an ordinate, Es . than I). 


285. (F) 


1. = SFr. v 2cr —e 


1 2 e 1 Kc. 
285. (0 £X 1A * 725 2 Le. * r 4: 7 +, Ke. 
(2) Hyperbolie are (beginning at 15 vertex); „ 6 = the ſemitfanſv. 
uf 8 A 
Axe, c = the ſemiconj. q = ö 5 5 Fan ordinate, ASL 9 — 8 
1 3 1 
B 2 55 3 15 "74 x 7 SE 0 Di. 


where x = VE +7 Ty. 
Here we might introduce all the variety of ſeries which expreſs che areas of the conie 
ſections, circular ſegments, &. as alſo thoſe ſeries which exhibit the ſurfaces and 
ſolidities of the ſphere, ſpheroid, paraboloid, &c. but as theſe may be met with in 
various authors, I ſhall omit them. Several {ſeries of this * are given in Dr. 
HFutton's excellent Treatiſe on Menſuration. | 


* „ 8 rn z 3 2 by 
256. 99 1 ＋ 2 ** r T- IT T T- 2 by: &e. 
. . np2—m —n+2—2m „ 12-31 FT 
abs Feet BR ELF „ „ LET 3 91:4 ALD 4 
(2) n+1 N 6 Fo ern pry rene be th Kc. (x) 
Where ZE2 muſt be an affirm. integer. 
EE n. a r. 142 
287. (F) | E bo . m+r + m. m Tr. n rar 55 & 
(2) nu 7 2 


23 . 1 an, nr. n+2r7 » 


288. (F) a+— R 


m. m+r 3 2 v + Ke. 
| a „ MM —Y 
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289. (F) 1 Vs 1 + * 2 FR lh 1 Tu. 


(8) zm = Arm” ur. r- n 27 K eh 5121.12. mn + 
D x r-4 4 | 1 -. By | 0 
—_ * 11. 12. 13. 1 n Kc. till it terminates, 


A, B, C, &c. 5 the ſums of the ſeries in Order III. Nes 6, N 8, &c. 


1 Sk. d — 
* + ra + n He 


200. (r) * 


pre — 2 + 


* 45 7 SS. 


A, B, C, D, &c.. Wert he coefficients of the terms immediately preceding thoſe: 
wherein they firſt ariſe. 

By means of this. formula may the roots of any adſected equation be-exhibited by 
ſeries; and conſequently when ſuch roots can be had in finite terms, the ſums of 
thoſe infinite ſeries will be obtained. And from this formula will a great variety of. 
infinite ſeries ariſe whoſe ſums will be had in finite expreſſions by taking 2, 3, 4, 
&c. terms of (F), and aſſuming different values for a, b, c, &c. and 1. From 
whence, by addition. and ſubtraction, we alſo deri ve a number of ſeries. of a different 
elaſs, with their ſummations; among which are exhibited . roots dat certain adfected 
ene of any dimenſion. : 


-n. c* 


— . I-22. — 1-4. 1-52 .< 


I=1, | 
294. (F) 2V bx: 14 — + 1 ITY 2 1 . ＋ & O. 
(2) RT VEE + Viv =e Sex being roots of the general equation 
| 15 _— 4 
— 1 W 
r . 2 1 3 4 — 2 3 — 
2 2. 3 | 
2+: 
nmn—g.n—b.n 8 — & c. — 2 2 Os. 


Where r (= .=) muſt be a poſitive. quantity, or 0. 
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225 Za * 5.138. 1-47 . 
„(F & — — | — | 
295 r . n + 3 4+ 2 3 4. 5 * 
2 2. 142 — Wer 36 
ä * 3 4 5 n 


(2) A — "+6 — I = Cc »—þ; being roots of the above equa— 
tion, when the ſigns are poſitive; and r (= & -#*) is a poſitive: 
quantity, or o; n being an odd number! 


Heace ariſe the following ſeries, | | 
296. (VF) 2u/b * Th * l . 


2. 2.1.8. 875 —＋ 2.0. 8.10.120 
(2) Aire + Ve; being a root of the equat, * 29 e- 2. 


; "7 i OF 1 2. 5 8 e“ G 3 2.58. 11.140 
. W 3.55 © 3:6.9.120 — 3.5.9, 12 1 185 wg 


(8) =: c= + Vice; i ding nel th ere. * = VP A = 23. 


- Ken, _ 2110 3-11. 15.190. 
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; _ 4. 2-145. 1 4.9 14. 19. 244% 
* (F) J- 10 r 376.750 ITE * 30 18 


(Z) Vie ONS: 1 of the equat. .- . K => a—2b:= 0. 


6. 13. 20ct 6.13. 20. 27. 3660 | 
. (F) NOTES 7144210286 = 5 — Ke. 
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Fo If: 
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is 37 fra 37 I Anta! FE — — & $ 4, 2 
And by niakivg þ = = = 8 14:20 {= ts formula dF 2 wag becomes 
2x Th . 422 \ 
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Hence ariſe the 1 two following formuke. 


2 ; —. 1 21. 13. £ 1-1. 1-2. 1-3u. 141. 1-62. 1-61. 1-5. 5 E 

305: 00 . eee 
9 : „* ST DNN 4 „ 
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206. F r 22 1.234567 8.9 | —+&c, 


(r) © * 1% 1+ He — 22 2 1 v * 
See Dr. Hutton's = on -Cubic Equations: and Infinite Series, Phil, Tranſ. Vol. 


5 1. 8 EM, Bs — I. 3 3. 2˙4· 1.3. 5.7.2%d 
307. 0 ö 46 ” 4.66 4.6. 80% + 4. 0. 8. 106 x 


(2) — The affirmative root of the equation & + bx = d. 8 . 
| 4 © 1:1 To 328%? 1.3.5. 2 dt 
e 4 2 ag 
(2) The greater root of the equation x* — by = —d. 1 
1.3.24. 1.3.5. 2 9 24 Kc. 
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(2) a += 6 = 1} . 8 
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Ia. | N 
Where a, b, e, &c. are the 3 

By means of the fallowing table of flux ions and fluents may a great variety of infi- 
nite ſeries with their ſammations: be exhibited, by expanding the fluxionary expreſ-- 


ſrons, * 3 the fluents. An example or two will explain it. e 
U SJ == . 2 * 5 12 Hit, l becomes (a 
— 14-3 
314: 00 + * A = . 03. 2Es 
'\ T'; 3 
\. CW nN B36" 7 
CT - NY IB OT IE oe a HR et 
315. (FT) „ 5 - 3 13 ng F SS + 1A, . 4 
N Form XIX. 1 * 2 2 : 
6. er 5 K K A, | | 
316. (F) ＋ — 5 i „ — 2 + Si 
& c. 


And by the addition or ſubtraction of ſuch of theſe expreſſions; tlie terms of whoſe - 
reſulting ſeries may be ſo connected that the denominators (or exponents) may form 
one continued arith, progreſſion, we gerive a number of other ſeries, and their 


; \ N 
a 8 \ kN 


2 N Lt 4 \ | Z 5 
re e eee Ears 


5 7 1 21 + * 
E 8 E 
| \ 1—X? 12 I | 
4 4 ; p = : © "yy 
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Fe a f ; 'X —— — — &c _ 2 L* — T L F 
318. (F) 5 ee - Tp 
&c, - 4 : — * * & 3 . 


From henee alſo may a variety of ſeries of a different <laſs be obtained, by epi 
the above feries and their reſpeQive- furs by fome fluxionary expreſſion, and taking 
the fluents. And by repeating the operation, with the ſame or ſome other fluxionary 


quantity, . ſeries and expreſſions for their ſame wilt ariſe, - — tz) 
3 od 
1 6 1 = _ 7 2 * LY 4 , 
yt 8 3k x? * - 
— I IEC 
Mutciplying this ſeries by x 2, and taking the-ſlnont, we get 
320. (F) 2 


= 
| Fr 


Multiply again Pp 4 and take the fluent, and there ariſes ariſes 


. FIT 3 - 4 755 e 23 


This ſeries multiplied by x", 3 fluent taken, the reſult is 


: = "TOY 8 P | 
322.(F) —_ * * . +&c. = (>) 2 e fin =. 


1 „2 2. 3 3.4 4+5 I+x 
By the ſame proceſs we find 


5 
2 F) == + — 2 . 
25 C === = = = ( J. Na 
——. —(——— 


1:35 3•5˙7 
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1 8 | 326. (F) 


326. (F) #— 3 


326, (F ) = — | 
&c. 


And thus may we inveſtigate as 7 ſeries of this claſs as we Py with fluxionary 
_ expreſſions for their ums; the fluents of which may generally be exhibited by the 
areas of tranſcendant hyperbolas, and in particular caſes by circular ares. But as 
this is the moſt troubleſome part of the buſineſs, we ſhall 127 point out an ealy-pro-. 


ceſs 1 in the finding of the fluent of = = by means of the circular arc, when 


ith ultimate value of x is ſuppoſed t be 1; by which procedure may the ſums of va- 
rious ſeries of this kind be diſcoyered, and conſequently the fluents of their corre- 
ſponding expreflions, when conſidered under ſuch limitations as ariſe from or apper- 
tain to the circle. | 


The "SR of x"; = is expreſſed by the area of the tranſcendant hyberbola | 


GMLC (ſeries p. 118.) the method of computing which (when xis = 1) is there 
exemplified. But the fluent of this expreſſion may be more commodiouſly exhibited 
for computation when x has the above value by the arc of a circle, For if the coſine 


of the circular arc (a) be denoted. by y, VL 6 wil be equal "9k 1+Y ff == (ee 


Simpſon's Miſcell. Tradts, p. 77 9 and by N* 291. (eries) L. * i = e 


4* 
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= * 1 
T 3* 
sg che terms, &c. we have | 

259571 een e 1 
15 e Fa — _2 2 — 2 - 45 ee 


Mutiply the ſides of this equation by — and = do reſpedtively (the latter 
71 


quantity being the flux ion of the circular arc, rad. 1, coſine y,) and taking the or- 
fluent, a being evidently o when 22 = 1, we have 
27 a <j=14 258 —2 + _ —37 « — —1 142 51 — Ur 1 
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emp . * + Kc. 
| D Tei Now 


— ** writing therefore 15 „Ii for x in this ſeries, and re- 


* % 


16 A 8 DU P P L EME N . 2 &c. 
Now take » (the 6 =% and conſequently 4 = the quad:antal are (A), and 
the reſult i is T6: ; [91 


K * 
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atop oor ig = 


1 RT ß yy... 23 141 
| 2³ T 2 | 1 L 4* 4 8 4 6* * 6* 7 8* g* Os * 


wh qo oy 1 25 and the terms bmg becomes | 


CE : in 2s 


1— => # & 2 * * b gu — 1 LJ * which is therefore equal t a 


e ef? % od a5 vio ee ne flow ans e 
= * 2 2 —_ in a the circumſtances above-mentioned. 
; * — 
It i eral that th bore ler Erie — + © TIT ke. is = qual the 
C3 337201 le pt 9011 L914 3 12 AA 248 o 
of 2 142 2 * 2. 1 — 
difference af cen — 7 : + An ä * * 8 8 mba. 
2 - a 1 by 8 
| *?-1+ fo = I] — 5 
that 1 15, 5 77 2 2 IZ Io DI * 2 — Ke. — 1 = — 1%. b And (from 


Mr. Emerſon 8 Trigon. prop. 26. p. 0.) 3 it appears, that "the numerators of the 
terms of this ſeries are the reſpeAive coſines of a, 24, 3a, 4 a, &c. (rad. 1); ; from 


which circumſtance Mr. Landen i in his ſummations of theſe kind of ſeries (Memoirs, 
p. 68.) has introduced the fines and coſines of multiple ares; from the well-known 
values of whieh, hen y {the cone) is ©, + 2, 1, &. it more teadily appears in 

wht caſes he numerators of the terms of. the reſulting ſerics will become unity, hay- | 
ing the ſigns poſitive or alternately + and -; but it is very evident that this conſi- 
deration is not abſolutely neceſſary. in the 8 the ſame concluſions being at- 
tainable equally without it. The principal and perhaps only advantage ariſing there- 
from is, that we more eaſily diſcover by this means than any other the ſum- of the 
ſeries * whep the fign of every other texm is changed; ; the coſines of the arcs 

a, 2a, 3a, Rc, being well-Tnewn te be the -cofines-of the ſopplemental ares 
ZA —4, 2 * e 3 * 2A—a, &c. having their figns - — and + JOY + {0 
"on as the former ares do not exceed a quadrant. wad 


Now, from the bers bite, — Da . =" = A, we av, by 
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And if we take y 7 I 1 So, 4 will becbme A; and therefore 1. +7 5 
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n 2415 13. 1 
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ho "IE f 1 
Mattpying again ; the Gdes of the laſt, ,equation but 0 one e by - = = 2 ar and a as be- 
£ { f 127 MIL FS 4133 By! 4 


fore, and raking weir vets cher riſes 


= + gt 2 gee. — — 05 + "a | 


But when , (the un is = 15 6 will be be o; hence the corre Laces)? is 


252 i . 
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Now take y = o, 1 een a = 4 1 55 rc N 


2 I I 16 
35 84 * 5 + 5 | 55 + ge. = ; which age N Te ia the 
g 5 N 8 „id agi 453 108 ots iR et e $43 * K 
terms brought to order, as as before, becomes 8 | 5 no Webs, 
$& & 4 bw $0-bf 5nd os « $44. AA: 4 18 bee elne 11101 
ene e 3 | 
I — 2+ + PS — TA wag) — & c. enum — 09 : - k a 
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By a ſunitar cdu with different ſuents, as * N 9. _ X & c. may 


other ſeries be ſummed, without the conſideration of multiple arcs, or any peculiar 
method of determining the value of the correction of the laſt fluent; but perhaps not 
in ſo perſpicuous a manner. And from what we have before * obſerved, that if be 
the coſine of the leaſt arc a, y will be the coſine of the arc 2A=a, we may, by ſab- 
ſtituting theſe values for y and @ in the above * derive a . of others 
with their ſummations. — — 


This method (with the affiſtance of multiple wen) is farther applied in the before⸗ 


mentioned treatiſe to ſeries whoſe denominators conſiſt of the ſame powers of two or 


more factors i in the ſame arith, progreſlion ; | but i 1t' becomes more e perplexed and em- 
barraſſed, and more liable to exceptions. One principal objeRion is, that when the 
ſeries is brought to the propoſed form by continually. multiplying by. the ſame or 


ſame other fluxionary expreſſion, and taking. the correct fluents, the laſt” correction 
of the infinite (or ſeries) part of the fluent muſt be had in known terms before the 


general expreffion can be exhibited; unlefs that-corretion be exterminated in bring- 
ing the two ſeries together in order to form only one ſeries,” but in this caſe you do 
not obtain from the general expreſſion the ſum of that ſeries into which you had ulti - 
matel: , reſolved the equation by taking the fluent, Inveſtigations | of che general 

| D 4 | theorems, 
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may the ſum of any other ſeries be found, provided they come under the limitations 
ſpecified, when the OTE — ſeem to fail. | 


431 r * 23 ˙ = 7. 18 x 
. Lathe bein prot be 5. yp T _ == © 4 ills DID 


This ſeries correſponds with Ne 269. or N* 270. Comparing the terms with the 
lan, wekavee = ü, Be ESSE aE SIE O, m = 4 


7 = , = 12. From whence « = , f = I; a = —=3, 2 a2 
. 7. 70 7 4 4 
= -; a 2 =, = - ;; * 2, f 3, 4; 2 2, [= 1, 
„ 22 vx = 2. 1, S — 4, K= 2, 1; 1 E 2, I 3, 
| t Be 8 | 
and therefore — — = 4; yy ; hence A 1 #: : 
8 1 4 u 432 72 
DT * 
C S , D=— 149 
27. 1 


Theſe values being written in the formula (2), and X (the ultimate value of x) 
taken = 1, the reſult will . 


3 SW © TTT 211 
K 772 * — 8 2 NK = oe 2 1 
2 72 4 6 4 114 1 5 * 432 3 8 9 * 5184 


* 3 


< N 4 4 br A => 15 R 4 « A ct 4 * ä * , 4 
* 9 a ann K 8 < 9 * a R * 2 n N 4 5 N 
* * 1 - Fa % 7 * * * 
2 , * * 
„ 4 ” * — * % Ro * 
Sa” / 2 
= 
\ , id N 1 
* \ _ 


» 


ASUPEL'EMENT, Ko. 33 
£ i650 þ oopaupo 517 ofoony x, nays: 
6. | Required the fim of the erin & EY + —— 3+ 9516) +- Tracy: + e. 


Here we find 4 r 15 b= FEES, 7 1 2 * 11 and becauſe / is 1, 


E 


= = _ = I, and i it appears that x is = 2. Therefore | in Baller to adapt this ſe- 


ries to the general one, fuppoſe exch term to be multiplied by & and by ſubſtitution | 


we have «= 4, = 3, „ = I, = —1; and. A = 4, B =, —3; hence 


(N X — L. 1 x £; and taking 4 and dividiog by 


Fs (ﬆ*) the an. the ſumof the propoſed ſeries. 3 


pe WOES” 67 

a te 4 292 2 9 . a 
£14 Let þ Jin ra 72 234 345 88555 + me. 
| This fries is evideodly reſolvable i into theſe two. 


19 * . 1 37 * 4 46 * ; + we 


+ 5 


1.2.3 2.3.4 3 * . 5 5 507 3 > 
. , 2.34 , 3.45 4-54 f 
3-4-8 * 775-6 TS: G7 1 8 + rs 


By comparing the former we have a = 10, b = 9, þ So, S . . 


1 
* = 2, e 3 2. Hence = = 1. HS % A 5, 


. 
*F - * r 1 A * 


1 
„oe eee (3) =o * " 


* 1— XxX 


+ x * 2 — + — += = 2 x —L. a 46" the ſum. And 
ia ths later we find @ = 0, 3 = 


ESE SID PEA RESLT=4 


= 4, and thence A = 1, B = toad, 


* 


and by ſubſtitution (2) = = * x 1 — ME * * l 122 8 
1— * x? 


„„ 


* 
82 2 


= (becauſe — is = -L. 12 , by Form 150 br K — 


1 wing 


+3x 62 the ſum. Hence the ſum of the whole ſeries will be 


2.— 7 X—L.1=x+6x*-2x; which will evidently be algebraical. if x x be 
F taken 


* 3 q 
5 — L 91 * % 2 . a” 
34 HF | * * L. 4 . -M E N 14 9. - 5 &Acs. 


„ 


taken = a root of (the _—_ 6 #22 12 8. — 0. Now the wo roots 2 oy equa- 


19 . 23 28. 2 3 25 4 
— v— ＋— + — 24 4 
7 ee e * 
and the latter, "i 5 #8 | 1 0 k \ 5 ' ] - 166 1 ; 
ow i — 39 \ 
| a * een * 1 
IEF. renn 
Circ, 14 8. — —_———_ 24 _ 8. — — - -. + arc, $% * 4 vis + &c T 
2 * = a 3 0 4 | 4. 5 f 
This ſeries | is evidently equal to 2 bst iq 202 16 l. ej 6k 3:4. 1.203.344 2 


2e 8. 42 3 Ta, 8. I 11 S 6.4171 171 
+ arc, s. i I * 17 — * 1 &c. Hence, by comparing this with 
No 274. we * a n r 4, &c. decreaſing quantities; and r 1. 
Therefore (x) = —_— arc, fine 2, __ 1. 823505 e. which agrees with 
Ne 239. | | 


wt * 


— 


9. Let the „ be required to be lamm be 


$an $000 | $5000” on 


„ 


This ſeries appears to be 128 to 


| ede : 4 a 
Cire. we, © RE arc RE. aun arc, t. =? A 
a T00*+100X99 +2 ph "Too Fogxgs * 788898797 +0 


wh.ch therefore correſponds with No 256. from whence we finda = r =-100 ; a, by 
e, &c. decreaſing quantities; and therefore (2) = Circ. are, tang. 100, rad. 100 = 
78-539 &c. is the ſum of the propoſed ſeries. 

The theorems to which theſe examples are given, are e inveſtigated upon this moſt 
obvious principle, that if there be a ſeries of —— a, b, c, d, &c. any how de- 
creafing till they vaniſh, we ſhall have a—b + Ye + 7—d & c. 4 
(when the laſt quantity e is = 0) 4. Whence, if a, B, c, &c. denote the fines of 
circular arcs, we obtain the firſt theorem; if coſines, the ſecond theorem ariſes, &c. 


10. Required the ſum of Fu infnite ſeries 3 
2 4 3 * 4 9 . 14. gf. 2 WE . 9 14 19 r 5 Ke 
5.10.5 510. 15. 20. 5 5.10.15. 20. 25. 30. 5 : 
| Comparing this ſeriea with N* 294. we getb = 5, and c = 4; hence, by ſubſti- 
| . : | | kution, 


SUPPLEMENT,” a 


tution, and reducing, there ariſes 


2 a 
0 4 TA 5 i, 5 2 + 95 10 being, 7 LY of ** * 
3 25 $ p ; 2 + LF 


* 5 5 2 


11. N dere the ſeries to be ſummed i: 


r LD 13: 20. 27 . 38. 
1 * c — 1 
7. K ·5˙ 3 1421 28. W 7-14-21: +28. 35+42+ 5 g 
By comparing this ſeries with the ſame formal, we find b = 3 c = 44. and 
2 by ſu K &c. there ariſes : 


7 0 = 2140 . — „ 2 the equation 
2 3 


* A. 


12. Roguired the — of the infouit feries 


1 3 2 . — 3 3 + A 
27 7½% 24 3.4 dad 2.4.6 325 5 302+2099/3 


Fu un 2 yg het apa [5042—2911v/3 &c. 
2.4. 6. 8 ” 3. T1 a. 5˙2˙· 8 + "Fl 5-8 X Fan . : 
2 — 3 


Comparing this feries with N. 327. we find. * = 2 which is. evidently 


2+ v3 
the tangent of the arc of 1 155 radius I. Hence a = $A; and by ſubſtitution we 
have 


v * 
| (2) = _ VIEWS A 4 tt 5 2 —. 
3 | | 2 2—=v3 
the ſum of the propoſed ſeries, 


1 EMENDA- 


* 
/ 35 


: 


= A SV PRUBMENT, On 


* 7 
* S 4 
892 18 9108 2 e % ne | 
e . 


10110 75 ' "i 19 1001 


MEN Nies A ADDITIONS. FR 


— 
$4 hte —— 


Some Typographical Errors, and other — having a 
eſcaped both in in che Original and Tranflation bf Mr. Lorena's Treatiſe, 
it is preſurped the following Remarks Re. vil 'de of ie to 4. af 
Naber e ; 


IN the enunciation of Prop. I. p. xi. for Number of: Tarms +. or Place of 
the Nrn. For che former part of the remark in p. ve. fabliture Glen Since the flu- 


Ms 


« 78 
7 4 
ontial expreſſion * _ _ is ſuppoſed to be — while x 1 0 Nn r, 


it is evident that the ſeries, and conſequently the expreſfion for its fem, ovght, when 

is under the former eircumſtance, to be alſo S 0. lt is therefore to be-underſivod, 
| not-only here, but in every propoſition, that each Darnigat expreffion, when. reduced, 
is to be corrected by taking x = d, and fubtracting the refult: And by 4nally ſubſti- 
racing 7 for x, that the. .cxproffion is property adjuſted to the propoſed fories, which 
is then ſaid to be perfefthy integral, that being Tuppoſed i its whole or ultimate value; 
which is indeed actually fo when the fghs of the-propoſed feries are poſitise, achat 
value of x maniſelly £ exhibits the whole Hyone of the r when dhe higher en 
takes place in the denominatör. as; |; 


P. 16. I. 9. for the : ſemicolon write C. I. 5. from b. r. — Sys 5. 4. 
P. 22. l. 16. r. an even number. P. as · 1. 2. from b. r. L. 1755. | 8 
P. 25. l. 15. for + L. 1 Vn, — r. 1 L. . L len, r. L.. 1. 17. 


S . 
93 373 


P. 28. 1. 2. draw a vinculum from the firſt fluential Ggn © over the whole expreſſion. 


I. 8 for latter fluential becomes, r. fluentials become. 
4 * 


P. 29. J. uit. for — , > Þ 38. J. 2. 1. f 2 +1; 1.8. for —14, r. +135 


ow 4 


I. 11. and 12. for x, r. y; l. 19. for root r. quantity; 1. 26. for Iu/ 3» 173.5 r. 


1 293. Jo P, 44. © "FP r. | 6 P. 46. J. 3· for + &c. . — &. P. 47. 
A 74 : L 4 


FR SUPP. LEM BN 


þ 4. from b. for — L. ET ITY P. * S3 for 14 in the denumi- 
nator, r. 142 P. -4 1 ult. r. = . 


The wethod of transforming the joe "—_ — may perhaps by fome be 


% elo, as it is evidently reducible 50 25 X 7 which a diviſion 3 im- 


the various tranſmutations an was may paſs bed before it zrrives at the 
moſt ſimple form, which is well known to be particularly uſeful in the finding of 
Fuents ; for which reaſon I have alſo in ſome other places adopted this method. 


P. 58. I. 4. for = , r. = 3 l. 8. r. 8 = +1. P. 6o. 1, 5. draw a vin- 
culum from 05 rad. fign in the num. P. 61. I. 9. for — Z, r. . P. 63. 


J. 11. after numbers add But, it muſt be obſerved, that this is underſtood of the 


expreſſion in general, vo particular relation being ſuppoſed to obtain between the co- 
efficients of the fluentials. For, it is obvious, that if we can aſſume, or diſcover, 


ſuch values of p, 2, &c. as may by ſubſtitution make any of che eoefficients with con- 
trary ſigns become equal, if the difference of the expononts of the correſponding flu. 

entials be a whole nymber when the -ligns- of the propoſed ſeries are +2 Oran even 

number when they zre "akermitely + nd =, the algebraic ſum will be had from the 

ſame formula, though ſome of the values of . , &c. be fractions in-the former caſe, 

oc old numbers in the Jatter. The ſeries in Ne 26g. Caſe 2. and 3. immediately 
4 from the fotmula R in the above: —— en an. ee 
in chat theorem when & is = et. 


P. 67. I. 14. By an inadvertent omiſſion: (i Ed de et (Y) of 


the ſecond term, the latter part of this art. is rendered erroneous, let it. therefore be 


reed. as follows — muſt therefore have recourſe tothe cumenical formula R 


(art. 47- ), in which — the above yalpes of of p, 7. ee. 3 


* e, 


Co GD 8 


e, „ A 
becomes 2 85 11 ef 2 24 uf "00 | fa, = 


— — 
VAT LD - A. D L. re ff = 
> 46> 


12 r 14 Ro Nu 1. + = (becauſe #5 1 £43 757 07 

SE TEM T4 14147 * 8985 = (ho : 17715 Yi. 1+ TTY 

81. THF — 2. THFaT, = 93+ cir are, fin. — x3: y 2 7 1. * 
2 11 N 


(when y = 1 644L: 4= L. 3-9 circ, are, rad. 173, tang. . 
_ The ſame is to be . in the note p. 63. 


GS + 


P. 71. 18. 11 e. . 10. r. Abs nr 13 * - Al te. . 16. 


* 


. l. 2: foot 1 for 2v2 L.&c weeds e ee term 


+ ; 1. ult, deſe the firſt term, and write t. 3 ill the fum of the ſeries be 


. 47” | 
* . 42 «60 3 2. Th 1 
(P. 72. l. 1. and a.) aL. ——-wilL.S+3+1+ 55 L. . 21 —1 
: 5 A : Sie | <4 * LY 5 de Se | | 
— 2 citc. are, rad. 28, t. 3 -, (original). 


Ps 4. from þ b. L. 177 . 65. e uſt for 4 


55. Made ee er P. whe 1 11. r. M; 1 L 12. for. Ja 1 ;, r. ar DS _ 
P. 79. 1. 3. from b. for HEB, dune 1. 2. from b. for EK, r. FK. P. 85. TY 


from b. for A r. 8 1. ult. for 4 IS, r. . . 86. 1. 2. r. 11 — Pagans (origt- 
nal). P. 9h. 1. 17. add-———in a bare algebraic ex preſſion. 


P. 99. 1. 3. from b. 1.25 l. ol. ty: ade xſ— 2 EN ; fp ma 
99. 3: 14% 13-19 | + 3-13-19 T5 


4 B > by y and in the latter par of the example for 1 13 in the denon. 


of the coefficient of the log. r. 39 and make Ge cire. arc affirm. and then 1. 6. p. 100. 


will become 74 — 433 are, 45 rad. 1, + —_— 1. L. 2 1 &c. (original). 7 
P. 100. Ex. V. This example is rendered erroneous (in the original) by a miſtake 


in ſubſtituting the values of p. 4, Ke. whereby the e of the third term of 


the Auential (. 16. ) is put donn — 41 inſtead of + —7 —, let 1. 19. therefore be 


read 4 ruſs ++ =; ba 1. — Mae 


+ 


A,SURBRBLEMENT,, &@ * 
1 a * * Ke. P.. rea- I. S. r. a n 


3 5 3% % At 75 27 £ 5 * 
— — — 1 6.'for later r. |. 12. fe pa — 1 
172 1 +: 1 ITY _ ou 12 ; 
1 75 which * ics 1 ) + 4 circ, hd rad. 3 3+, * 0 * — 2 i. 
* Nl. ns 14 Af hat: 3 wk 14 IX 3 
1 =... » 175 4 L 251 2 1 20 cire. re, En „ 4 IST 4=2'y © And 
12948 30 N = 0 #34 2 428 © $31 1s 129 1 921 POGE 
therefore &c.z I: 13. r. 73: -L. 2 +: be. P. 103. |. 1. for of TR 
35 


P? 104. l. 6. from b. 1. 150 l. s. from b. for = 4; EY Py 106. 1. 12. 
SE HL "$43 £8 : 4 21 EW „iir ne 


for . a. r. Þ+,% As; , P. 110, Ex. v. for 16, 18. Kc. ia the denaminators, r. 18, 22, 
Ne. P. 111. Ex. VI. By a miſtake (in the original) in ſubſtituting the values of 


25 9, &c. in che general formula, che coefficients in. the expreſſion for e of this 
ſeries are rendered erroneous ; let 1. 85 from b. therefore be written. f — K 


a — 8 
2 ; 4 Sy B + * 1 2 7 * ? 1 
. — 5 1 2 nl 
SHE = — * + 236. N 1 3. from be L 110. r. 136 and 
: I+Y/x 2 ITY 7 ER 


for 220, r. 272, then will the ſun become S2 L. CREE 2579 18 


P. 136. In Order III. it may be neceſſary 9 in- (F) 2 ** the 


number of terms, but in (Y z denotes the laſt term, or m zn. P. 137. I. J. write 
the index r at the end of the vinculs. * 5 a 7: for b d—a?, r. %. 1. 2. 


from b. for Zza + 4. 2 * =, and fied &t. — g. P. 138. 


1. 2. from b. . . P. 159. I. 4. and . from b. ku even, Uneven, r. W unequal: 5 


P. 160. J. 2. r. Order 3 * Form 100. p. 163. 1. 5. from. be for fu r. 91 1. 


or 


P. 70. 1 ult. for 387 r. * p. 184. 'L 6, for. 


v. 169. l. 3 from b. r. e 8. 


a, b, c (z) &. 7 (z). P. 188. 1. 9. for 5635, r. 5365; |. 17. ey of the + 
9e having been diſplaced in working ye this ſheet ſeveral copies are faulty, it ſhould 


be . + T 


73 +:&C. p. 192. J. J. aker turitten add in. P. 200. I. 2. in the 


ndmerators of the terms, 7. 2.8 2, 1625" RTF 34 „c.; „ 25. 


P. 209. : 


4 — 
P. 20g. k3. Mr. Simptoa. is the. authot of the differential | 


* 29 
theorem is derived. P. 215. l. 5% r. * — 5. 6, _—_ eee add 17 x be= 


41100 dn 4S7\ 5 8 4 zune 


i ak. for x” 17. r. 140. 


As it bab been objected that the fumis of the ala N 225 gh Ve. are not ea ly 
a:tainable from the fluential expreſſions there exhibited, I ſhall. therefore not 
give the ſfuent of thoſe expretfionts; but alſo ſhew the inveſtigation bf chem; as the 


method is very —_— and — icable £ to _ — of a _— 50 other feries 
with'theirfithmations, + 4X 51-78 


The ſammation. of the ſeries Ne 227. may be — deduced from the genes 
ral one Ne 108. or No 121. where p, n, 7 are reſpeQively f. 4 4 in the former, 
or 1, > x in the latter! in anten lle o n 2. Now in ultiply this ſeries and 


937 gay; ff: 2387; IF 3 vet — 114 5 
iss ſake by c, — et, *. 
ariſes POO. M19 an ; 45; | 


85 © _ 


way the PRE? ſeries br 227. ) by . 425 take an fluent, and multiply the hits, 
by oe. — * we have (by Form 36.) 


"42 24 | 
ber 229) £ +535 7 * eg e 8 . 


The ſacie ſeries a in like manner multiplied by «? x, the ent taken, and mul- 
on 


he by — , we have (by Form 38.) 


x IS ; 
1 - 2 * | | 


And thus x we may . as far as we e pleaſe, getting a new eric, and its lum, a at 
every operation, 


Now, from the ſums of theſe three ſeries is obrained the ſum of Ne 132. by meant 
of the general one Ne 106. where 5, c, d, &c. are : reſpectively r, 5, 5, 3 TH &c. 
being the coefficients to the ſucceſſive powers of x in Ne 227. Hence 4 «1 


©. SUPPLEMENT, 


ws” 6 ri iy pa. "7p ie e eee 
| 242 | =] 18% 1 So 


* 


2 — x 


J 7 =» 1 — * the fluents 
36 K 1X 


being ſuppoſed to be generated while x from © attains lay given value not greater than 
1, A being (as before) the circ. arc, rad. 1. fin. Y. 
; w_ 


If we take x a root of the equation 8 x —E — © x7 o, we ſhall evidently ex- 
punge the circular arc, and the ſum of the ſeries will then be expreſſed algebraically. 
Now it appears that 1 is a root of this ee conſequently by ſubſtitution in 
Ne 132. we have 
2.4. . 5. 7. 2 15 4% RY r 2.4. 6. s. * 7125 wt 2-4:6.8:10-11.13- 1 ; 
= 3/4 . And by ſubſtituting other ſeries in Ne 106. may the ſummations of 
a number of different ſeries be deduced, which will always become algebraical by 


taking the ultimate value of x ſuch as may exterminate the circular arc. 


122 1A 


1 


G NtMARRSA 


* 
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RzMakks on Mr. LAxpEx's Obſervations on Converging Series. 


* FHEN: men of perle ami and aitinguiſhed abilleie, point out to the 
on world, with candour and good-nature, the real errors and miſtakes of others, 
they certainly lay us under the higheſt obligations to them, and merit our warmeſt 
acknowledgements; as. an. impartial enquiry after truth, wherever it is to be found, 
is the preat foundation of all uſeful knowledge. But when, under colour of ſuch 
animadyerſions, we find the plain i import « of an author's words miſrepreſented and per- 
verted, and trifling, unefſential 3 inaccuracies magnified into enormous errors, we have 
the ſtrongeſt reaſons to ſuſpe& that they have been dictated by a mind prepoſſeſſed 
with prejudice, and actuated by diſingenuouſneſs; and are therefore ſo far from 
having their deſired effect, that N the writers thereof ridiculous indeed to 
every intelligent and unbiaſſed re. Whether Mr. Landen's Obſervations, with 
reſpect to Mr. Lorgna's Treatiſe, ſtand in the former or latter of theſe predicaments, 
muſt be left to the determination of the candid and! ingenuous, when they have atten- 
tively conſidered the following pages. 


To be as conciſe as poſſible in theſe Remarks, I ſhall confine myſelf chiefly to two 
principal objections to what Mr. Landen has advanced in his Obſervations ; which 
are, | | 
1. That Mr. Landen's theorems cannot poſſibly be deduced from what Mr. Simp- 
ſon has done in his Diſſertations without adopting the ſame principles, or method of 
procedure, as laid down in Mr. Lorgna's Treatiſe. 

2. That the criterion exhibited by Mr. Lorgna of the poſhbility of the PAO MER 
ſummation of this claſs of ſeries, is not invalidated, or ſhewn to be defective, by any 
thing Mr, Landen has ſaid on the ſubject; but that he has, in his obſervations, ei- 
ther miſunderſtood, or perverted, the ſenſe thereof. 

Now, the firſt objection is very evident from p. 4. (Obſerv.) where the author tells 
us, that before the following theorems can be deduced it is PT to obſerve that 


x x ot — 1 
a %˙² - gt? (5 
I —x 


and therefore when 5—r is a poſitive integer the ſeries will RETSAE and the infinite 
| or 


—— 
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or logarithmic part of the expreſſion, to which the above equation refers,” will be ex- 
punged, when the ſum of the coefficients is equal to O; or, as it is there expreſſed, 
when the indefinite quantity (x) i is a root of the equation formed by making the ſum 
of thoſe coefficients = o But is not this the very principle upon which Mr. Lorgna 
inveſtigates his formu'e for the algebraic ſummation? For from this gentleman's 
words we 1 that when the ſum of a ſeries 1 is expreſſed thus 


AT: +8 


xx 


- (uſing | Mr. Landen's literal ſymbols) i it will be attain- 


1—4* 
able in e or 3 whenever S—7 is a (poſitive) whole number, and the 
value of x ſuch that the coefficients of the fluents may be equal (which, in this caſe, 
will always happen when x 18 = 1). And the reaſon ae is, becauſe, in theſe 


: | hes i 
z #3 « 1 8 l | > | 3 : x — Y «MA 
circumſtances, the above en is equal A x 


1 
the very requiſites premiſed by Mr. Landen for the algebraic ſummation, this laſt 
equation being evidently the ſame with that given above, which is there deſignedly 
rendered obſcure by an unneceſſary and awkwar nſpoſition. 5 

I ſhall here juſt obſerve to the reader, that ſenſible, it would ill become me, 
were J ſo difpoſed, to paſs any cenſure on the valuable works of ſo eminent, worthy, 
and reſpectable a character as was the late Mr. Thomas Simpſon; and would un- 
doubtedly betray a moſt ungenerous and unſcientific mind to offer to under- rate or miſ- 
repreſent them. But, on this occafion, I think I may with truth take the liberty to ſay, 
that it does not appear from the inveſtigations of Mr. Simpſon's theorems (p. 62. Diſ- 
ſert.), that he had any idea of the method given by Mr. Lorgna reſpecting the algebraic 
ſummation of a ſeries *, as other principles were wanting for this purpoſe which Mr. 
S. had not premiſed ; and therefore, that circumſtance muſt, by his proceſs, be merely 
adventitious. Neither does it appear that Mr. Simpſon even foreſaw the uſe which 


". +. note i # wo NO tire br ; 
=-A x > Xx; x, and i= 1+x+x* + x? (51); which are 


might he made of the propoſition p. 146. Diſſert. in the ſumming of ſeries ; the 
whole purport of that prop. being evidently only to reduce a compound fluxional ex- 
preſſion into ſingle terms, in order to facilitate the finding of the fluent thereof. 
And, in all probability, had not Mr. Lorgna publiſhed his treatiſe on Converging 
Series, we ſhould never have ſeen Mr. Simpſon's theorems put to the rack, in order 


us. 


— — 


— 


* This, indeed, Mr. Emerſon has given a ſmalb ſpecimen of in his Fluxions, p. I 58. where he ſhews under 


what conditions the expreſſion. / x1 2 p — will become algebraical ; and thereby ſums the ſeries arifing from 


expanding this expreſſion, and taking the fluents of the terms. The formula Ne 286. is deduced from hence. 
G 2 | to 
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t entort a ſearet from them, which, it plainly enough appears, PINE not contain. 
I t muſt, however, in juſtice to Mr. Simpſon, be acknowledged, that the above-men- 
tioned propoſition is eſſentially the ſame (only not ſo general in ſome reſpects) as 
that which Mr. Lorgna has made the foundation of his methed of ſummation ; but 
the ſuperſtryRure he has raiſed thereon has not the leaſt fimilarity to any thing Mr. 
S. has done*. And this is all Mr. Landen can, with veracity, aſcribe to Mr. S. in 
. | | "LS the 


« l — 
* ' i ; ; Ie #4 HEELS | ; by 4 . 2 — : 
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*Whoever will take the trouble to compare Mr. dass wich Mr. Simpſon's prop. IV. and v. in 
his Difſertations (theſe being the only prop. in that treatiſe which relate to the ſummation of this claſs of ſeriet) 
will find that they are intirely different from each other, Mr. S, in the former. prop. exhibits the ſam of the 
ſeries there propoſed by means of another aſſumed ſeries, whoſe ſum being given is denoted by S. This he ef- 
fects by reſolving Fhe terms of the propoſed ſeries into as many ſimple fractions as there are factors in the deno- 
mingtors;of thoſe terms by the foregoing lemma, the firſt, ſecond, third, &o. terms of which reſpectively con- 
Kitute other ſeries with a common coefficient to the terms, for each of which he obtains a finite expreſſion by 
ſybrraQting as many initial terms of the aſſumed or given ſeries from us ſum S as are found to precede the initial 
term of the ſeveral ſeries having a common — that is, till a term of S coincides with or becomes 


p—1 q—R | 
— $ RD 2 &c. which can U only when the dale of pr » My Kee. are * related rr 1 may ; 


be equal e s tre. or; Grey 852 es t 1 „ee en W be ne 


of the number of terms leſs 1 4 ſeries 8. And the proceſs in prop. V. is evidently by reſolving the com- 
pound coefficients of the terms of the propoſed ſeries each into a number of fimple ones by the ſaid lemma, and 
then ſuppoſing the ſums of the ſeveral ſeries formed of the terms which have the ſame coefficient to be each giver. 

But what fimilarity has all this to Mr. Lorgna' s proceſs? Had Mr. 8. proceeleT on Mr. Lorgna's principles, | 
: when he had OR his ſeries (prop. IV.) to this form 


i =? & P 


&. 9 1 f 8 


W mn 
inſlead of introducing the ſerids — = 4 war + xc. whoſe ſum — neceffrl be given, he would have 


expreſſed 1 it thus. | | | 
A POTS ii 
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which is a general 3 for the ſum of the 3 whatever the values of a, b, &c. p, 7, Kc. x, are. And 


+ Ke. 


the requiſites for the algebraic ſummation are (ſuppoſing, for example, only two terms to be taken, and à put 


= x) that — may = _— and _ be a whole (poſitive) number, an eves number, or an odd number, ac- 


x x*. 


carding to the nature of the figns, That is, if the figns be all —, _ muſt be a whole number; if all +, an 
| | odd 


. 
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the inveſtigations of his theozems ; ; the whole of what he has. exhibited hefide;jn his, 


Obſervations relpeRing the ſummation. of this claſs of ſeries, being indiſputably, Nur. 


if 


rona” FEY 
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It is then very evident ſrom what bas been, (aid, above, that the weorems given in 


Mr. Landen's Obſeryations are inveſtigated on the ſame principles, and the ſame con 


ditions we ſee are acknowledged to be — requiſite for the W ſumma- 


odd number z if —B ank the other gad +; an n evi aber. Tender ele we ſum of . d will be infi- 
nite, or expreſſed only by circular arcs, or logarithms. For (in the caſe of two fluentials "Wy 88 the cocf« 


ficients are equal, and ** made , the above expreſſion becomes 


which will a/ways be- an algebraic quantity in the above-mentioned circumſtances ; the Wentz keine f Cay ſed to 
be generated while x from © attains the value ariſing from equating the coefficients of the fluentials, We do 
net find any thing | fimilar to this either np. my or W in the Ip © of Mr. — 


way, . — there are te more factors (at leaſt) in the 4c ioators if the terms of the ſeries chan | in the nu- 


merators, and the ultimate value of x is 1, which appears from coroll. 3. p. 82. where the expreſſion for the ſum 


in that cafe becomes a pure algebraic quantity. From whence we ſhould naturally be led to-conelude,, that when 
a propoſed ſeries does not come within theſe limitations, the ſum is expreſſible only by circular arcs, &c. And ; 
in other caſes it is obſervable, that we are > wholly uncertain reſpecting the algebraic ſummation, though the re- 


lation of the factors come under the conditions ſpecified; this being purely accidental, as has been before ob- 
ſerved. And when it happens that the ſum of a feries is not atzainable algebraicatty by theſe theorems, that is, 


when the cqefficient of S.is ſuch that we chnnot diſcovet any value for x whereby it giay be exterminated, there 
is little or no advantage in introducing the ſtries 8, unleſs we are furniſhed with a number of fluents that may 


ſuit any caſe propoſed by the different values of m and n; without this it would be equally as expeditious to find 


the 8 of the opiginal flaengials themſelves as ; they ariſe i in the theorem, And here it may be obſerved, 


that when — , — —, cc. happen to be fractional or negative numbers, that 1 is, if p—1, q—1, "Kc. be o. 


| * : * 7 i F r 42 nn 2 "4 4 +> % ' 8 1·M9 ¹ũ— 5 | 
or negative, S is no longer = » but is of different TAO in the 2 vix. 
1 F * : * 8 Fr 


* N 
* 


= 5, we. wech this neceſſary remark 1 is + opined in Mr. Simpſon's n note te prop. IV. And laſtly, in 


theſe 8 it is always neceſſary that the factors in Ot terms ; of _ propoſed ſeries be in the ſame arith. 
progreſſion, or be reduced to ſuch before the ſum can be exhibited thereby. But Mr. Lorgaa's theorems are ge- 


neral for this claſs of ſeries, no reſtrictions whatever being neceſſary for the geomerric ſummation, ——the ſums 


of no given ſeries being previouſly requiſite. have the neceſſary conditions pointed out for the alpebraic ſum- 


mation; and that when the number of factors in the numeraters are only one leſs than the number of thoſe in 
the denominators,—and lafily, are immediately adapted to ſeries whoſe factors are in the ſame, or each in a 
different arith. progreſſion, 


tion, 


44 a 8 2 7 * E M EN , bee. 


| tion, A* thoſe id den by Mr. Lorgria. And it will be equally as "vi dent to 1 
one that will compare the formule in the beginning of this Supplement with thoſe in 
the above-mentioned obſervations, that the latter are particular caſes of the former 3 
and therefore, in ſuch ciſes, the theorems are aftually the ſame.” To put this matter, 
= | | n beyond: a doubt, tet e us take Mr. Lorgna $ 8125720 2 17 ke. 


3 W M de * $54.7 e eee e 310 
* 
; which expreſſion 
* „ 4 ; 
+ *$72> $S = 34 Þ Ko 5 et3ig \ 
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„ wh fluents being generated | while x from o at- 
| 7 = | FOR | 3 
Now this expreſſion i is evidently equal to 


| * | 8 — f — S | +- Ig 
5 | * 5 7 7 "OP mM 
- 7 iS A politive whole number, 0 2 Is & ＋ * & ( 


and conſequently the above expreſſion then becomes 


* Þb+29 7737 


X 
K 745 2). 


By the {ame proceſs is the theorem p. 41. changed inte 
_}, * = Swe 75 . a 
X X:AX + BX b CX X . — hd 
* | | i 1 e 7 
E 5p it a" i (= IS 
no... MF p+29 * 7 
„„ 
Xo m — — | : 
[RE CE = 
L X BA 3 5. | | F 


And in like manner may we proceed with the PT AA theorems, au at laſt we 
obtain by induction the general theorem p · 7. Supp. 


Now, in the lemma ( p. 16, Series) it is obvious that y may denote any algebraic 
expreſfion whatſoever in terms of x and known quantities ; 3 therefore, if we take 


F 4 . N 2 
*.: 
y= 5M ; r. Lorgna's $ theorem p. . a 
7. A I M857 Ae es 
33 4 
wen e eee ee 
1 
Pp wy 1— 51 9 — 
and the ſeries dee 1 55 by means of the binomial theorem) i is 
$i 2 ; 
* _ — =+; 
3 | kb x * f K. 55 x 


— &c.; 


F 1 ; Pan 3 7727 . a+ 
and the laſt reinen but one is evidently equal to 


775 r *. AR An 2:44 DI: I emmy = 4, where 


A=— x „B =—— = 7 55 and X the ultimate value of x, as before. 


m * 
= 


E 
a bo 


2 


— % , ' : 
bd... . "I". "I 


. 
therefore when * ( — 7 is a poſitive whole CNN OY the fluent (by Mr. Emer- 


ſcn's 


us AS OFEDENSRY, a | 


* — * 


| ſon's 11th form) will be O45 beging D „ A 012 16203 en 1 2 Gen 50051 23 (il 
Zr Ltrmr 24+ (s) | X 
— — Þ XA 
Pp 4 Pp 4 2 T7 | 
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der 


and * the laſt 3 (in this E ee 


— peomommemommenegonm mean. 
2 —— ñ— ͤ—ñ44 . * ——— — ag db + — . 
— 
# © 


oY N ba, © 5 +2 (0) BE" © 
E x : AX _ 


Ay 


k +2 JOE + 3+ (=) if 


þ + = = +2. 44 5 4 % 
By the "ND DN 18 deduted che theorem in p. 8. Sapp. Some other flux- 


ionary expreſſions may alſo be diſcovered whoſe fluents have the form requiſite to the 
conſtruction of theorem ſimilar to the above, by means of Mr. Emerſon' s forms 11, 
12, 13, 14; or by the propoſitions in Mr. Simpſon's Difſert. p. 149, Ke. 3 


Thus we fee that theſe e narrow; embarraſſed, .ill-expreſſe id, particular Formule” do, 
by a moſt eaſy and-obyjous tranſinutationz-exhibit theorems evidently more compre- 
henſive than the all-comprizing Landenian-Simpſonian theorems, which have been po- 
ſitively aſſerted by Mr. Landen ta contain at leaſt all the formulæ in Mr. Lorgna's 
work (excepting thoſe in the IX Se. ), when, in fact, they do not comprehend one 

ſingle 


F l \ 
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ſingle theorem in that treatiſe; z even the FOR 1 Mr. Landen has exhi- 
bited in his obvariohs' for the ſummations of theſe ſeries, being (as there expreſſed) 


only particular * caſes of the above formulz, which, it 1s nene, n te- 
lult from thoſe: given dy Mr,:Lorgaagi oo no in ens 
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The ſecond objection I have to make to Mr. Landen's Obſervations is, ud ihe: 
criterion of the algebraic ſummation of this claſs' of ſeries exhibited by Mr. Lorgna, 
is therein groſsly miſrepreſented; and therefore, that the Obſcrvator may either 
have miſunderſtood, or defignedly- perverted, the ſenſe theweet? > = £2. 579] 7: 


1 


own oh the Falk import of Mr. Lorgna's 8 words are, 1. That if there be 1 two flven- 
* — \£ * 1 


1 whoſe coefficients A and B are 


hae to —* other, at 7 NY a wp 5s (esa 9 the has ex- 


preſſion will be reducible lat ES or algebraic terme, ſuppoſing the higher figns to 
take place. 2. If A be = = B, and the lower ſign be uſed in the denominators vu, 

the whote expreſfſon will be finite wien x is an een number. 3. If A = B, aud 
the Tower ſſgus be uſed, the ſame expreſſion will be finite when * is an odd number. 
4. Aid if the higher Ggn be taken in the denominators, and the lower bet ween che 
fluentials, the whole expreſſion will be infinite, whatever be the values of "A; . 

and . Now this is all very n TE reducing. the above expreſſion into 


een 


> & | « 0 1 —— *. 
3 


— XX £ "bp; WIR hone we e may akin 3 Ae aides, | 


. — - — 


in x terms 


ba. 
2 — terminate in 2 terms when x is any whole number, 
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* If, in Mr, Lorgna's theorems, we take b, e, KC. gy u, 5, xc. each = I, and a, ” ras » wy Try cc. 22 
to At, Cr, &. P M, NI, Kc. reſpe&ively (ſuppoſing P, M, R, &c. to be che factors in the 
denominators of the terms of the ſeries, and A, C, &c. thoſe in the numerators) we reduce them to the very 
ſame forms given by Mr. Landen, which are therefore evidently particular caſes only of Mr. Lergna's cheorems. 
The peculiar advantage attending this laſt gentleman's method is, that the theorems are immediately adapted to . 
ſcries whoſe factors are in the ſame or any otber arith. progreſſion 3 z whereas thoſe given by Mr. Landen are re- 
ſtricted to the ſame progreſſion, as well in the numerators as denominators, and we do not obtain the fum of a 
ſeries from thence till we have reduced each of the faRors to the ſame progreſfion, by changing ſome, or per-. 
haps all, of them into fractional numbers, which in various inſtances will be attended with difficulty and awke, 
ward ſubſtitutions. Is this then the extrn/ivencſs and ſuperior elegance which Mr. Landen would perſuade us is., 


to be found in bit method of expreſſing theſe theorems? O! Candour, Candour, Where deſt chou hide, 
thyſelf ? 


H when 


— — 


. s Ur 7 L E MEN T, be. 
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when it is an even number, — in * terms when it is s an 1 number, and that 
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— will not t terminare, — ns run on * fre in a Ates, Weener the valve of. * 


may iu And as by this methotl of ſummation. the, theorems are always i- 
dited by a combination or compariſon of, each fluential with that formed from the 
=: laft factor in the denominator of the ſeries, we may thence eaſily deduce alk 

the. poſſible ca es of the algebraic ſummation, and the: relation of the factors re- 
quiſite ther. to. For inſtance, in Ne 265 (which is the ſame with that in order 14.) 
if we equate the coefficient of the firſt fluential with that of the fifth, we ſhall evi- 
dently expunge the ſecond and fixth terms, and conſequently if o and 1 be whole 
numbers, the expreſſion (r) will be finite whatever the values of = and d may be ſepa-' 
rately, provided that x be taken of ſuch value as to, make the ſum of the coefficients 
become =o. Again, if we equate the eoeffieients of the third and fifth fluentials, 
and = and „- be whole numbers, the expreſſion (2) will be finite, let and 9. be 
whatever they may ſeparately, provided x be taken as above *.. . And thus, by com 
bining or comparing the coefficients of the /af fluentials with different ſigns, may all 
the. poſſible caſes. in any ſeries of this claſs be immediately diſcovered when the ſum- , 
mation w.ll be had algebraically, and literal theotems will ariſe by ſubſtitution. in the 
reſpective general formulæ in all ſuch caſes; 8 which. i is done in the feries referred to. 
above (Ne 265.). Now, if in this literal ſeries, we aſſume p = bee, q.=1, m 2 b. | 
n=1, r= 2b—g—2e, 5=2, t =-2b+g, and u = 23 and ſubſtitute theſe values. 

in the expreflion (2) of the fi ſt particular caſe, there: will ariſe the ſeries No 52. 

and che expreſſion for-1 its ſum. In which ſeries if we take g = 1, and 4 1, we. 


-- 
9 — *» * 
— 


_ — a ia — 


. 4 * : 3 ” 1 
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* Art to theſe caſes is a a very APY matter to o adope any number of . at 7 Fer 1 in the * a 
\ 
caſe, let a — 3.= ea whole number, then will = e.+ 2.5, and therefore &.2x SD., from whence 
by aſſuming different values for e and w, and taking P. 7. &c. ſuch· as may correſpond-to thoſe values, we get as 
many ſeries as we pleaſe, that are exceptions. to the general rule, and are yet ſummible by tke ſame theorem. 
As: for- inſtance, let e = 1, and w = 2, hen is 3} = E, and æ = 1. If e = 1, and.v = 4, then is = #, 
andi = F. If e= 2, and w= 35 then is 8= 5 and n =}, &c. If the ſigns of the propoſed ſeries be . 
and let w n, and e 25 then is. à . 1 =5. Ie r and e 45 then is à =.1, and æ = 5, & c. 
10 the latter, caſe; let w — 22 e 2 whole number, then will 0 ==. and 3 = 2 and by taking e and x. 
2 2 
f eettain values, we derive as before other ſeries adapted do theſe caſes, Let](for inſtance) 1 22, e= 1, then 
is 5 „ 2. &. If x = 4, e= 25 then is $ =: 1, w = 3. &c. In all theſe inftances will the ſums of 
the feries de attainable i in fivite «ce _ , Fg = be Is; the figns being + ; or odd. nn when 


OT DIES Dead. „ 
obtain 
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0 Mr. n s theorem p. 28. Obſet v. which therefore appears to be only 2 
particular caſe of that general theorem. Again, if we aſſume p = h—e+ Ll, 9 , 
m = 2b4g+2, n= 2,7. 2b+g—2e+2, 2 2, 1 = b+g +1, * 13 and 
write theſe values i in the ſame ſeries, and alſo in the expreſſion (r) of the ſecond par- 
ticular caſe, there will reſult the ſeries Ne 27 3. and its ſum in finite terms. And in 
this ſeries, if we take g = 2, e'= 2, and multiply the whole by 4 (obſerring the 
remark when „- is negative) there ariſes Mr. Landen's theorem p. 12. Obſery, 
which alſo appears to be a particular caſe 55 of the ſeries 2 27. the expr:-ſfion 


* _ 1 0 1 7 | 
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Here then we ſee plainly the Ee of Mr. "RIP me 8 * this 
claſs of ſeries, For the expreſſion in p. 63. which Mr. Landen has laid ſuch ftreſs 
upon, evidently relates only to the general theorem when there is no given relation 
ſuppoſed between the factors; nothing being more obvious than Mr. Lorgna's knows 
ledge of the algebraic ſummation depending on the different combinations. of the 
fluentials in the general formulz, by his exhibiting the particular caſes when the 
theorem in p. 96. is algebraically ſummible; and his not particularizing thoſe caſes 
in ſome of the other theorems, can, at the worſt, be called only an inadvertent 
omiſſion. Now, if Mr. Landen can make it appear, that the fluent of the binomial 
expreſſion before- mentioned can be had or exhibited in algebraic terms (chat is, ex- 
cluſive of circular ares or logarithms) in any other circumſtances than thoſe we have 
enumeraced, then will Mr. Lorgna's criterion fall to the ground; for upon no other 
principle can it be invalidated or ſhewn to be defective. But what ſhall we ſay when 
we find Mr. Londen . nn mn the mie of it: For, in 


for th the ſum firſt becoming by ſubſtitution = 


323 . 
his ws RR he ello! us, that the wa — —— 
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r (that is 8 1) is a whele number, taking the higher "EM or an ever 
number, ufing the lower ſigns; but in other caſes the fluent will be aſſigned by circular 
arcs and logarithms, Here then has Mr. Landen come to the ſame point with Mr. 
Lorgna; having, we have before ſhewn, inveſtigated his theorems for the algebraic 
ſummation (or rather given us the ſame theorems again, a little duſguil: d), and now 

H 2 | pointed 
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pointed out the poſſibility of ſuch ſummation, both on the very ſame principles with 
Mr. Lourgna!-Now, would not any impartial - perſon "enquire. with aftoniſhment,— 
what: could be Mr. Landen's motive in publiffring thoſe obſervations ? Was it to ſhew 
the fallacy of the eriter ion above-inentioned, he has entirely defeated his own purpoſe by 
miſtaking the principles; what he has ſaid chereon being, to the laſt degree, futile, 
and frivolous: indeed; and, in ſhort, from what has been ſaid above, is evidently no- 
thing at all to the purpoſe. Or wa; it, invidiouſly to pluck the laurels from the head 
of 4 man who appears to have fairly. merited them, by publicly miſrepreſenting and 
, defam' ing his work, ——this defign is alſo rendered abortive : For the miſtakes 
Which Mr. Landen (and ſome others) have found in Mr. Lorgna's treatiſe, are evi- 
dent to every one not miſtakes in principle or effential errors, but only trifling inae- 
curacies, or negligencies *, in the application of ſome few examples to the * 
theorems ; which theorems are now univerſally acknowledged to be exceedingly accu- 
rate, extenſrve, and ingenious.” And with regard to the Commentator, I muſt take the 
liberty to inform the Obſervator, as it may be of ſervice: in future, that illiberal lan- 
| guage is not argument; and that the, epichets o/tentatious, boaſting, vaunting, &c. 
which he has fo profuſely heaped upon him, appear to be l-beſlowed on the man 
whoſe character is publicly known to be juſt the reverſe:+, 


: Should Mr. Landen be diſpoſed to make any reply to what is ed in thels 1 re- 
en or to vindicate what he has already ſaid on the ſubject, it may not be impro- 
per to inform him, that it will be expected he firſt of all ſhew the pofſibility of ob- 
taining the fluent of the binomial expreſſion ſo often mentioned, in finite or algebraic 
terms, in any other caſe beſide thoſe pointed out by Mr, Lorgna, and to confirm the 
fame by examples. It is alſo wiſhed he would give the reaſon why he has omitted 
Mr. Lorgna's VII. Section; as alſo. why he has not ſummed one fingle ſeries alge- 
braically by his theorems, when the number of factors in the numerators is only one 
* than the number of thoſe in the denominators, the ſigns being alternately + and 

, and x I; or, as Mr. Landen expreſſes. it, when x is =. —1. But Mr. Lan- 
den ſays (p. 21. 22. Obſerv.) that, in the above circumſtance of the factors, it is 
well known when the ſigns are , the ſum of ſuch ſeries will be infinite; but if E 
and — alternately, the ſum will be had in finite (algebraic) terms, x being = 
Now this is exceedingly obvious from Mr. Lorgna's' method of inveſtigation ;' the re- 
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* * To this cauſe we may certainly attribute the overfight | in the expreſſion L. A 


x. "I it cannot fi 1 
that a perſon who cou ld inveſtigate the general theorems 3 in that treatiſe, which are carried through ſuch a num- 


her of intricate transformations, could be ignorant of fo trifling a matter, as 
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> caſe, and the conditions or neceſſary relation of. the FaQors ſor the algebraic nan ; 
tion in the latter. | 
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quifitesin-t 2 "OY thing ea * ; ae by equar tn Brag OE 1 
ene in the correſponding theorems. But as Mr. L. fays theſe: things are well 
 hnown; it is to be withed that, he would. inform us, what Author befides Mr. Lorgna 


hath ever ſhewn in a general manner the impoſfibility of the ſummation in the former 
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And now, Gentle Reader, 25 1 5 farther! ee with men, ne and 
55 I ſhall preſent you (by way of concluſion) with the tranſlation of a few 
pages from the Alla Eruditorum of Leipzig, for September, 1762 (p. 458. 05 and 
when you have well digeſted, and ſtrictiy compared it with that Gentleman's ſecond 


Memoir (p. 23, &c.), particularly the ninth and tenth articles thereof, I would 


adviſe you to annihilate thoſe wonderful inſgnia with which that memoir is ſo ; 
profuſely embelliſhed; not only as a juſt ſacrifice to the manes of John Francis de 
Tuſchis de Fagnano and his venerable father, but. that the ſcurrilous and ill natured 
may not thereby take occalion to ſay, that a Britiſb Mathematician had aſcribed” the 


| honour A diſcovery bs 1 7 5 | which he had * baſely pilfered” from a Foreigner. 
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A Demonſtration of a Theorem propoſed in the Leipfig g Acts, for January 


| * (p- 40.), by Archdeacon 4 
JOHN FRANCIS DE. TUSCHIS DE FAGNANO, 
| 2 * dane Honorj H Marchionibus. 


| (Tranflaet Gor 4a rann, 1762. 9-458 | 


— IN the ht 2 Gan are invited to . the — theo- 

rem If in the ellipſis AE BF (Fig. 4.) whoſe ptincipal axes are AB and EF, 
any eee be drawn as XY, and its ſemiconjugate C Z produced till CV is = CA, 
and from V a perpendicular be drawn to AC, the ellipfis will be ſo cut in the point 8 
that che difference of the arcs X AS and VFS may be aſſigned geometrically. For 

if from X the perpendicular XQ. be wn to 25 2 we ſhall have YF S—XAS = * 

A 

© In order to facilitate the demonſtration of this theorem 1 ſhall premiſe the ſol- 

lowing lemma; | 


In the above elliphs le let CA = Ve EC = CM = 03- der, if the abciſs CP (=) 
be ſuppoſe to be fo "ai lat its 3 may ** expreſſed by — 
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« My Father was the firſt wh diſcovered this property, which, with its mane 


+ ration, may be ſeen in the Italian Diary (Diarium Eruditorum Balle F Vol, 26, for 


the year 1716, printed at Venice; being contained in the fixth article thereof, in- 
tituled, A Theorem, from whence may be deduced à new meaſure of the arcs of the Ellipſe, 
Hyperbola, and Cycloid T. Tt is allo found in the ſecond Was of his own e 
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as "EY printed ge (in Italy) e 2 r Ge 


56 Demonſtration of the Theorem. 15 
Having drawn VT, and (through. M) XH, I to AB, as alſo * . 1 to 0 CZ, 
we have w_ conics Tn the above notation): C0 = Va = 4 , e 


Ji e, andOL ; and becauſe of the parallels VP, 20, 20 
. 88 — 1 

CO ::VC:PC =- = 7p allo a ſia woe bv, CU, 
” 2 @ 


- K 5 (per lemma) 


arc EX — arc AT t. Now the arcs XE, FY, HF are evidently equal to each 


other, and therefore 2 arc EX.=arc HY; and the arc TASis = 2 arc AT; con- 
ſeq. arc YH — are TAS is = 2CQ; to which adding arc HS = are XT, and 
tranſpoſing, becomes arc Y H + arc HS — arc TAS — are TX = =arc YFS - 
arc XSA = 2CQ, Q. E. DP) fl 


« Coroll. 1. To the point X draw the tangent XN, and CK 1. thereto, ſo will 


XN be parallel to the ſemidiameter CV, and KX „ = n a che arc 
YFS - are X As is 2 KXR. | 
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=» Cor, 2. When 2 is =— — 7 
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{ + This cheorem n, with its application to the reQifying of the Elliptic, Hyperbolic, and Cycloidal arcs (a copy 


=, We have a* z* 2 a , 


of which from the above Diary I have been lately favoured with) will be inſerted 1 in the ſecond edition of my 


Rationale ef Circulating Numbers, which ha ſoon be publiſhed, with additions. 
* See Memoirs, art. 14. 
+ Mr. Landen has alſo diſcovered that the are EX are AT is = (CO the tang, XK, ſee Mem. art. 9. 
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2 —— = yg * e. 5 "Let now F be the focus of the « ellipſe (Fig. 5.) then 3 
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will CF = , and by nen the auge values in this laft equation we have 
are YFS—arc RAS = d 
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a cor. 3. If in a cl analytical value of CQ_we ſubſtitute the correſponding linear | 


val ues, there ariſeth eQ = =, | * r Novy BER the foci F, 7 draw PE os. „ 5 
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E X. f . and produce the ſemiaxis CE till it meet the tangent N W in R; and let | bo. | 3 
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XI be the radius of curvature of the ellipſe at the point X. Then (per conics) we ' 15} : 


CZ = VFX; 1 
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have theſe four equations wo 3 „„ 5 3 
, 233114 
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which being multiplied by 2, are each equal to the are VFS — arc XAS. 8 if in 
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this laſt equation there be r N 
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Cor. 4. If the difference of the.ellipt ptic arcs be s be required to be a maximum, we 
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ariſes arc VFS — arc XAS = 
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have, by making che fluxion of (2 == =o, and 
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the Iifcrence of the arcs YF 8. XA8S, will be a maximum. $a 
e 8 (1 ig. 6.) When che point T falls 3 in? X,. and no 8 in H, the equa= 
en pod ah YH - arc XAH — 2— —.— 2 al S;2 K EIA - EE 177 
eee e 
0 Con 6. (Fig. 4) In the ci:cumſtances mentioned i in the two ſt corllares, the 
tangent XK will be a maximum, per Cor. 1. e 975 


Cor. 7. From Cor. 5. (or rather from the lmgege e EE arc, EX arc AX 

= a—b; to which dg the quadrantal arc AE, there ariſes, arc AE arc EX. 

arc AR'=a—b + arc AE, that i is, 2 arc EX = ab; AE. 
Cor. 8. (Fig. 6.) Having drawn Xx, HY, parallel to AB, we haye from the 


4 £44 + 3 


preceding ing corollary, 2 arc HF = a—b + AF; and thetefore 2 X arc EX + are HY 


we 


= 2. a=b + ſemiellipſe EAF, that is, arc xE= + arc -BFY = = AB= <EF+EAF. | 
Which equation, multiplied by 2, - exhibits the following theorem, 1 ones 


The W Hariphery of the he ellipfis EAFBE is egua is e Bay i . | 
2 X are Xs + aic FY + EF—AB, WS 
Cor. 9. (Fig. 7.) In the caſe when the conjugate ſemidiameters cc, Ob, are 
4 
equal, we have . G == 77 ade 0 CP = YN => — 0 . — 
| DF ä 1 A Vs 2 K 
—— 3; hence (per lemma) arc E arc AT <= ==> =# Kg On 


N +6 e FWS0 = gar 
© Cor. 10. From the equations in the Corol. Ge and 9. ariſe the following analogies, 


= 
arc : EX—arc . arc EG — are AT:; U: 7 200 4-5: CG Cg: 
Is r r. arc PHI are AH = == KX (cor. 6.) ſee Memoirs, art. 3. BT. 
+ This very ſame property alſo has Mr. Landen diſcove Mem, art. 10. 
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